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Abstract: Linear error correcting codes assaciated to higher dimensional algebraic
vatieties defined over finite fields have been topical interest, For example codes
associated to Hermitian varieties, Grassman varieties, Schubert varieties and Flag
varieties have been studied quite extensively. The codes essociated to these types of
varieties is the central interest. Codes associated with Schubert varieties in G(2,4)
over ¥y have been studied in [1G]. In this paper we have defined extended binary
Schubert Code of the length 19, binary Schubert code of the length 18 and some
Froperties corresponding to these codes.

Keywards and Phrases: Lincar Codes, binary Schubert Code, Extended binary
Sthubert Code,

020 Mathematjcs Subject Classification: 94B05.

L Introduction -

: Let g be fixed prime power aud [, m with [ € m are pu.mtwc integers. L}:t
t B the field with g elements and F ™ be a m-dimensional linear space over Fo-
t TP , m -

Le Gaussian binomial coefficient be given by [ [ ] and G(¢,m) denotes the

¢

Glh v " & " ey H
“HRamian of all £-planes of F™, Due to Pliicker mapping the Grassmannian
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432 South East Asian J. of Mathematics and Mathematical Sciences

G({, m) can be embedded into projective space p(7)-1. The image nfGl{{, ::'n.} under
this is a projective algebraic variety, due to [15] every subset of o projective space
can associate a linear code. Hence lincar code cnrreﬂﬂﬂﬂdif?ﬁ to Grassmannian
G({,m) is denoted byC(€,m). These Grassman Codes were introduced by C. T,
Ryan in the series of papers [14, 13] and ficld used was over Fz. Later D Yu Nogin
[10] studied the linear code C(I,m) associated to G(¢,m) over any finite field and

m

proved that C(I,m) is an g-ary [n, k,d] linear code, where n = | ] k=(7)
q

and d = '™,

Let a = (ay,03,. . . 1)

relations 1l <y < a2 ...

be increasing sequence of positive integers satisfying the
< a; < m and denote 0,(¢,m) be the Schubert

varieties [16] in the Grassmannian G(¢,m). Note that Echt{bcrl: varieties are sub-
varicties of Grassmanninn. As we know that the Grassmannian can be embeddable
in Projective Space 2(7)-1 yia Pliicker map. Therefore I'liicker map also embeds

Schubert Varictics in p{7)-!, The Linear code corresponding the Schubert variety
Na(f, m) is called Schubert code and it is denoted by Ca(l,m). Ghorpade- Lachaud
[2] initiated the study of Schubert Code and conjectured the minimum distance
d, = ¢® where 8(a) = Ti_,(c — 1). Many attempts [1, 4, 5] have been done to
it was settled In some special cases. The MDC (Minimum
Distance Conjecture) first proved by Chen [1] and Guerra-Vincenti [5) for [ =2
Gorpade-Tsfasmann [4] proved that the Schubert-Code Co(l,m) is g-ary [na, ka)
Y gca 0%, the sum is over al [-touples 4 = (61, P2y - - Bi)
. <B<m,fi<a;fori=12,...1with

settle this conjecture and

code where n, <
integers satisfying 1 < f; < 2 <.

§(B) = Liay (B —1)

";1 1 0 0

o v 0

and the dimension ko= : .
(M () @) - (37)

Xiang in [17] proved the MDC. An alternative Proof is given in [3]. The codes
associated G(2,5) over Fy have been studied in [16]. In this paper we have defined
extended binary Schubert code which will be denoted by (1, and binary Schubert
Cade Qy,4y along with some properties of these Codes.

2. Preliminarics

2.1. Basic definitions

Let F, be the finite field with g clements, ¢ = p", p a prime and denote by Fj
the n-dimensional vector space over [, For any z € Fy, the support of z, supp(),
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On some Properties of Binary Schubert Code +J

is the set of nonzerp coordinates j
ST = (ry, 15,0 ,1,). The s ;
Hamming norm) of z is defined by, (#1022, 3). The support weight (or

Zl| = |supp(z)|.
Moare gl?ucrall_','. if Disa subspace of F the sup
of pn.-ﬂqua where not all the vectors in D ere
Hamming norm) of D is defined by,

port of D, Supp(D) is the set
4ero and the support weight (or

IDI| = [supp(D)).

A linear [n, k] -code is a k-dimensional subspace of F3. The paremeters n and
are Feferred.tu es the length and the dimension of the corresponding code. The
mintmum distance = d(C) of C is defined Ly

d=d(C)=wmin{||z||: z € C,z #0)

More generally, given any Positive integer r, the rih higher weight d. = d-(C) is
defined by

dr = d(C) = min{||D||: Dis a subspace of C with dimD = r}.

Note that d,(C) = d(C). It also follows that di < dy when i < § and that
dx = |supp(C)|, where k is the dimension of code C. Thus we have 1 € d) < d, <
»+» < dg_y < dy. The first weight d, is equal to the minimum distance and the last
weight is equal to the length of the code.

An [n, k]¢-code is said to be nondegenerate if it is not contained in a coordinate
byperplane of F. Two [n, k],-codes are said to be cquivalent if one can be obtained
from another by permuting coordinates and multiplying them by nonzero elements
of Fy. It is clear that this gives a natural equivelence relation on the set of (n, k)¢
codes,

The (usual) spectrum (or weight distribution) of & code C C F? is the sequence
{40, Ay,-++ | A,} defined by

A= Ai(C) = |{ceC: ||| # 0}

More generally, the rth higher we tght spectrum (or rth support weight distribution)
ofa code C is the sequence {Ag, A7, -+, AL} defined by

Al =|{DC C:dimD =r,||D|| = i}|
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434 South East Asian J. of Mathematics and Mathematical Stieney,

This naturally allows us to define rth support weight distribution function (or 1y
weight enumemtor polynomial) ns

A(Z) = N+ AAZ 4+ P27

Henee for each 0 < r < k, we have a weight enumerator polynomial. We can ale,
define the rth higher weight as

d.(C) = min (i : A] # 0},
Note that A%(Z) =1. Also note that if € FJ}, then

llll = [I{zHI = I {AZ : A € F} |
The r** generalized spectrum of o [n, k], projective system X is double sequence
(Af, AL AG, -+ AD)

of integers,where

Al = A(X) :== {TT S P*' 1 | X N 11| = n — i, codimensionI] = r}|
foralli=0,1,2,...,nandr=1,2,. ..k

Lemma 2.1. If C is ¢ code with the dimension k over ¥y then we have to for

Z=1
Al)= [::L

P L S B i S ;
where [ ] = E[z —~V e EJF':T]'}, which is the number of subspaces of the di-

mension 7 in a k dimensional space,

2.2. Dual Codes
The standard inner product on F% is defined by

n
<TY>i= ) gy,
=]

Definition 2.1. The Dual of a code C C EZ is the code

1= {::E]F,’;:-:: I,c:::U‘ﬁ’cE]F,';}.
2.3. Self Orthogonal and Self Dual Cade

Definition 2.2. Let C be n linear code and CLhe dual over F, then
q
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)

i) ¢ is said to be Self Dual if C = C+

74, Grassman and Schubert Varieties

¢ is said Lo be Self Orthogonal if C € ¢4+

141, Grass manian

Definition 2.3. The Grassmannian of alll dimensional subspaces of ' s denated

G(£,m) == {W CFg : W is Subspace of F}* and dim (W) = 1)

2.4.2. Pliicker Embedding

The aim of this section is to prove that Grassiannian G(£, m) is & projective va-
riety. Let us fix an integer £ such that 1 € £ < mand I{f,m) := {a = (ay,...,a) :
ﬂ.Ezf11£a1 < gy < v < Oy ﬂfﬂ.}.
e.g. 1(2,5) = {(1,2),(1,3),(1,4),(1,5),(2,3), (2,4), (2,5),(3,4), (3,5), (4,5)}. It
s casy to see that [I(£,m)| = (%)
Let W be an {-dimensional subspace of a vector space V. Hence W € Gy Asen
slement W € G(£, m)can be represented by an £ X m matrix A of rank £ [7], we get
o matrix A of rank £. For any a € [(£,m), consider maximal minors of the matrix
A. 50 let pa(A) be the minor of the matrix whose columns are lobeled by a and is

given by

Lla; Glay **" Zlog

O, Fay 77 G2oy
Pald) = .

Oy Bdag " oy

Oue cen form (%) such minors. IHence we get a map 0 I{E.r.n}_—r_i'f: theu LI;:;
ar po(A). It may happen that B and A are two matrices rE[L:!t:,r_*mu:é_ 5 j.u{u
Subspace |V, then we know that they ere related Ly the equation , B = l-l ) :U:
sme C € GL(f,K). But then, pa(B) = det(C)- palA), ¥ u € Ithm). Heoce
Up to some non-zero scalar in K, we will get & uniflﬂﬂl}' fiftffmlﬂfd {!’E} 1"'11:2 of
[-.\pa(4),...). Note that, the tuple (... Pald) )18 1111:1-:]?:&11{1&1'1& ﬂhia:-:ault
besis, but it depends only on the subspace with which we have started. s

of which, we get a function

7t Gem = :?'(-T}’1 which is deflned os
w(A)= (.. -Pu{ﬂ]- coid)
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where A is an £ % m matrix representing subspace IV,

Defnition 2.4. (Pliicker Map) [11, 8, 6] The function m defined above is oy
as Plicker Map and the coordinates of m(A) = (... Pa(A),...) are called as Plip,,

coordinates.

2.4.3. Schubert Varietics o
Ghorpade and Lachaud in (2] proposed the generalization of Grassmann coda
as Schubert code. The Schubert code are indexed by the elements of the set

I(£,m) = {ﬂ=(ﬂ1,ﬂ:."-,&r]EE= 1<ay < <ar<m},

Given any a € I{{,m), the corresponding Schubert code is denoted by C,(¢,m),
and it is the code obtained from the projective system deﬁn_cd by the Schuhe? V2
riety Q,(¢,m) in G ({,m) with a nondegenerate embedding induced by the Plucker
embedding. We define £, as

Q,={WeG({m): dim(WnAg,) 2i fori=1,2,-- L},
where A; denotes the span of the first j vectors in a fixed basis of V, for 1 <7 < m.
Defnition 2.5. 2a.(f,m) as
Qu(t,m)={WeG{m):dim(WNA,) 21 fori=12 £},

where A; denotes the span of the first j vectors in a fized basis of V, for 1 g_f <m.
Ghorpade and Tsfasman in [4], determined the length n, and the dimenston ka of
C.(l,m). It was conjecturcd by Ghorpade in [2], that

d(Ca (L, m)) = ¢*

where

!
Jni=§(m—:'}=rr1+n,_:-...+m_£':fg'1]

.2.4.4. Extended Lincar Code [9] [Chapter 5, Section 5.1]

Definition 2.6. Let C be lincar code over F, ,the extended code of C, denoted by
C is given by,

{:IE {(Eluc‘lr- .o C-n_zm) : [:Elrcﬂ"l- *o l'.'h.] L= G}
=1
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(n some properties of Binary Schubery Code
- - a7
ordinale added 15 jn . '
ere €3trG €€ GUn as pariyy,. |
i may oy that =3 0 ¢, = E?-IC- Y-check toordinate gng fq=2 then

pefinition 2.7. Generator Matrix
15] JfCwa linear code over Fo then
wectors forms basis for C over F,

pefinition 2.8. Parity check Matrix of
1) Let C be a code and Ct be its dyal

arity check matriz of C.
H_Emﬂ.rk 2;2-

of Linear codp 19] [Chapt

gencrator mapriy 5 °f 4, Section

@ such mutrir whose rgy

Lincar codp 9] [Chapte:

A genergtor ' e
matrir of 0L (5 knoumn gs g

(1) Since basis for any linear code is not yy,

- ique,s50 1ty ' :
not be unigue, : Jeneralor matric for need

(2) A generator matriz having form

ity 7l X] Jis called standand form generator

(3) A parity check matriz having form YFuzsl, is called stand r
form panity check matriz, ] e¢ standard form standard

While certain linear codes may not have e gencrator mateix i standard form
after a suitable permutation of the coordinates of the codewords and possibly -
tiplying certain coordinates with some nouzero scalars, one can alwavs artive at a
sew code which has a generator matrix in standard form, )

Definition 2.3. Equivalence of linear codes [0]
Two [n, k];-codes are said be equivalent if one can be obtained from the other by a
combination of operations of the following types:

(1) permutation of the n digits of the codewords;
(2) multiplication of the symbols eppearing in a fired position by a nonzero scalsr,

Theorem 2.4, [U] [Chapter 4, section 4] If G = [£e|X] is standard form gererator
matric of [n, k] linear code then a parity cheek matriz for Cis H = [-X T Fo-s).

Theorem 2.5, [9] [Chapter 4, scction 4] Let C be u linear code and let H be
parity check matriz for C. Then C has the ninimum distance & if u_r-.d ordy of
ey d -1 columns of H are linearly independent and panty check matric H hes d
wolumns which are linearly dependent.

: The above results and remarks will be used to pr
D next section.  The linear code associated to Schubert )

ove propertics of codes defined
ariety associated to
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ear code generated we have defineg

= (2 ave been studie 16] with lin
a = (2,4) have been stucied in [16] w 19 and binary Schubert Code of the

extended binary Schubert Code of the length
length 18 in the next scction.
3. Extended binary Schubert Code and

Definition 3.1. Extended Binary Schubert Code Let G=[l;|X

Binary Schubert Code

o o00011111111

0o011111110000

where X is 5% 14 be a matriz given by X=|0 1 0 1111001000
1010101100101

1100101001110

ed binary Sechu-

The binary linear code whose generator matriz s G is called extend

bert code and it is denoted by Q24
Onc can note that the last columns in the matrix G isin o such way that sum of

all 18 coordinates in each row is last clement of each row so one can define another
code by defining generator matrix hy deleting last coordinates of each rows in G
and we can define binary Schubert Code in following way,

Definition 3.2. Binary Schubert Code Let Gy =[I5|Y],
0 000011111111]
0011111110000
where Yis5x13 beamatrizgivendby Y=|0 1 0 1 1 1 1 001000
1010101100101
110010100111 D&J
The binary linear code whose gencrafor matriz Gy is called binary Schubert code

and it is denoted by Qg4
We now discus the properties of these two linear codes in the next section.

4. Properties of Extended Binary Schubert code and Binary Schubert
Cade

Proposition 4.1. (Properties of Extended Binary Schubert Code)
Let Qn 4y be the extended binary code generated by matrizc G which is defined in a
above section, then following propertics holds for the corresponding linear code Qua.a)

(1) The length of Szq) 1s 10.

2) The dimension of Qpz4y is 5.

(3) A parity check matriz for Qa4 15 given by XT|1y4) matriz

(4) Qayis self erthagonal linear code,
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On s0me properties of Dinary Schubers Code ...

5) The weight of cvery codeword in ﬂ{;..l].:'s mulliple of 2

(6} A linear code ﬁ[l.-ﬂ 15 three ervor Correcting code

Frﬂuf .

(1) By s generator matrix, one can see eusily the |¢p
Alternatively one can also see that these
projective system the number of &,
given by

ath of the code to be 19,
¢ are 19 Fy-rational points as jg a
-ritional points cortesponding £, 4 is

a = qum

denm

— 21+I-—3+21+:|-3+211—4-1+217-}-—-]+2:H-3
1+24+4+448

= 19

(2) The dimension of £z ;) is 5 since Generalor matrix of consist of I the jdentity
matrix of order 5 Since this gencrator matnix is ia standard form so rank of
this will be the dimension of the extended binary Schubert code 0,2,
Alternatively since a = (2,4)

dim(C) = #{8:8<(24)
#{(Irzjl{llajl{1I4}1{213]'[2!'I:|}

=

I

enerator matrix of {i

(3) G=[Is|X] s g o where X is § x 14 matrix given by
M 0000111111111
00111111100000¢0

Xs|l01 011110010001
10101011001 010
110010100111 00

bere G is standard form generator matrix ]?f (g4 using algorithu in (4] to
convert this matrix into the form Hy = [XT|N4]

onal, i if R, and R (for £ J)

(4) Note that the rows of G are mutually orthos 24) 1s sell orthogonal

then ;. R; = 0 ;this implies that G C G* thus
cade,
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(5) Due to [12], let @ = (g, m) be strictly
the corresponding Schubert code and
every codeword in C,(2,m) is divisible by ¢
that weight of every codeword is divisible by
weight of every row vector of gencrator matr

South East Asian J. of Mathematics and Mathematical Scieng,,

incrensing sequence and Cy(2,m) p,

if o is even number then weight of

M=l here ¢ = 2,00 = 2 implieg
2 alternatively one can see (e
ix of ﬁti.'ﬂ is divisible b}' 2 and

these row vectors being basls hence welght of every codeword is divisible by

2,
(6) Since Hy =

A=

i i i e

0
0
1
0
1

D D = O

[XT|114] is parity checl

0
1
1
0
0

0
1
1
1
1

I8 : matrix for ﬁtl-ll where
111111111
111100000
110010001
011001010
010011100

hence distance of {54 is 8 and hence {35,4) is an 3 error correcting code

Proposition 4.2, (Properties of Binary Schubert Code) Let Qg4 be the binary
code generated by matriz Gy which is defined in a above section then following

properties holds for the corresponding linear code

(1) The length of Qa4 is 18,

(2) The dimension of {24 is 5.

(3) The parity check metriz for Q24 15 given by (Y7 |I14] matriz

(4) The extension of binary Schuberl code is extended binary Schutert Code.

(5) The binary Schubert Code S1154) is exactly § ervor correcting code.

Proof.

(1) The length is clear from generator matrix of Qg4 i.e. number of columns in
the penerator matrix is equal to the length of 24, which is 18

(2) since Gy=[I5|Y’] is generator matrix of {234) where Y is 5 x 13 matrix given

by
0Dn
00

Y=1|0 1
1 0
11

has rank &

D e 3 =

= o =

0

= e = e )

O D b pd s

et et el i

(S Sy

0

e . I O I

1
0
1
0
1

e . e R

1

= N e

ence the dimension of 4, is equal to rank(G,) i.c. 5.
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0 441
= is generator matri diece Vi . :
(3) G !énl}l;l[}gﬂ oL lnxlnflﬂ{qiﬂ;'-llll.fl.}’:sﬁxld matrix given by
001111111¢0¢;g,g
y=(01011110010900¢qq
10101011001 g
110010100171 g
G, is in standard form hence I

warity chieck matrix of Do) is [Y7|1)

(4) In the generator matrix Gy=[Iy|Y] of 03 4 where ¥ is
the sum of each row vectors gives rise the last column
hence extension of binary Schubert cade is extended b

given in the definition
of generator matrix G
inary Schubert code .

(5) Since _ﬁli-il has distance 8 hence distance of {)(24) must be &1 ic. 7 hence
Q2,4 is an exactly three error correcting code,

5. Conclusions

Thus due to projective space geometry we could able to define extended binary
Schubert Code and binary Schubert code. The extended binary Schubert code
denoted by §}(54) is binary [19,5,8] self orthogonal linear code where as D2y is
binary [18,5, 7] linear code. Both the codes are 3-crror correcting code. |
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